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Outline

• Inference using Deep Generative Priors

- Powerful reconstruction method
- But difficult to analyze

• Framework: Approximate Message Passing

• Key Result: Exact prediction of performance in MAP inference

• Conclusions and Future work
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Illustrative example: Inpainting

A

x y

Inference

x̂
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[YCL+16, BJPD17]



Illustrative example: Inpainting

A

x y

PX - Prior PY |X - Likelihood

Inference

x̂

Maximum a posteriori (MAP) inference

x̂ = argmax
x

P (x | y) = argmax
x

P (x)PA(y | x)
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[YCL+16, BJPD17]



But.. what is a good prior for human faces?

3 / 17

x ∼



Deep Generative Priors

z G x

• Priors learned from data

• x = G(z) is a function of a simple random variable

• Example: G is a neural network and z ∼ N (0, Id)

• Train G on a dataset using some loss function

- VAE Variational Autoencoder [KW13]

- GAN Generative Adversarial Network [GBC16]

- Variants of these two: WGAN[ACB17], DCGAN [RMC15],. . .
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https://thispersondoesnotexist.com

Generated using StyleGAN trained on ≈ 200k images [KLA19]
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Inference using Deep Generative Priors

z G

A

x y

PZ,X - Prior PY |X - Likelihood

Inference

x̂

MAP inference

argmax
z,x

P (z,x | y) = argmax
z,x

P (z)PG(x | z)PA(y | x)

[RMC15, YCL+16, BJPD17]
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MAP Inference in Deep Networks

z0 W0 +

ξ1

z1 φ1

ξ2

z2 · · WL−2 +

ξL−1

zL−1 φL−1

ξL

zL = y

• Problem: Estimate z := {z`}L−1`=0 from y and{W2`}

• MAP inference:

argmin
z

F (z) = − lnP (z0)−
∑
`

lnP (z` | z`−1)

• Scaling laws have been studied in [HV17, SH18]

• This work: Exact prediction of MSE: 1
n`
‖ẑ` − z∗`‖

2
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Previous Work in AMP for Inference in Deep networks

• AMP algorithm [DMM09] for LASSO

- Predictable reconstruction error for i.i.d. Gaussian design

- Et+1 = E
{
g
(
Xo + Z

√
nin

nout
Et
)
−Xo

}2

- State Evolution has been rigourously proven [BM11]
- Vector AMP [RSF17] extends to rotationally invariant design

• Multi-layer AMP for MMSE [MKMZ17, GML+18, Ree17]

• Multi-layer Vector AMP for MMSE [FRS18]
- Propose SE, derives the optimal MSE
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Our contribution

• MAP is more computationally tractable than MMSE

- Successfully used by practical solvers [BJPD17, YCL+16, CLPK17]

- Implemented in most deep learning packages (e.g. Tensorflow)

• This work: MAP inference using MLVAMP methodology

• What we show:

1. Fixed points of ML-VAMP are KKT points of MAP
2. Exact asymptotic MSE of ML-VAMP trajectories

• Key takeaway: A MAP algorithm with rigourous analysis
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Multi-layer Vector Approximate Message Passing

g+
0 (·) g±1 (·) g±2 (·) g±3 (·) g−4 (·)

z4

ẑ+0 r+0

ẑ−0r−0

ẑ+1 r+1

ẑ−1r−1

ẑ+2 r+2

ẑ−2r−2

ẑ+3 r+3

ẑ−3r−3

• MLVAMP estimates z` as a sequence of proximal operations

(ẑ+` , ẑ
−
`−1) = argmin

z+
`
,z−

`−1

− lnP (z+` | z
−
`−1) +

γ−
`

2

∥∥z+` − r−`
∥∥2 + γ+

`−1

2

∥∥z−`−1 − r+`−1

∥∥2
• {r±` , γ±` } updated based on factor graph derivation

• Multilayer extension of expectation consistent inference [HWJ17, OW05]
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ẑ+0 r+0
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• {r±` , γ±` } updated based on factor graph derivation

• Multilayer extension of expectation consistent inference [HWJ17, OW05]

Theorem (1)

(i) Fixed points are critical points of augmented Lagrangian

L(z+, z−, λ) := F (z+, z−) + λ>(z+ − z−) +
η

2

∥∥z+ − z−
∥∥2

(ii) Fixed γ±` : MLVAMP matches Peaceman Rachford splitting ADMM

ẑ+ ← argminz+ L(z+, ẑ−, λ) λ+` ← λ−` + γ+` /η`(ẑ
+
` − ẑ−` )

ẑ− ← argminz− L(ẑ+, z−, λ) λ−` ← λ+` + γ−` /η`(ẑ
+
` − ẑ−` )
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Exact prediction of MAP reconstruction error

• All hidden dimensions n` →∞ such that n`
n0
→ β` = Θ(1)

• Weight matrices are rotationally invariant and independent

- Richer ensemble than i.i.d. Gaussian matrices
- Singular value spectrum can be arbitrary but i.i.d.
- Generalizes beyond the Marchenko-Pastur law

• Input z0, noise ξ` are iid distributed

Theorem (2)

For every iteration t ≥ 1, and for all layers ` = 0, 1, . . . , L− 1

τ+`,t := lim
n`→∞

1

n`

∥∥ẑ+`t − z∗`
∥∥2
2

= E+` (τ−`,t, τ
+
`−1,t)

τ−`,t := lim
n`→∞

1

n`

∥∥∥ẑ−`,t − z∗`

∥∥∥2
2

= E−` (τ−`+1,t, τ
+
`,t−1)

are recursively computable from scalar laws {PS2`
,Pξ`}, and PZ0.
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MLVAMP Example 1: Synthetic Network (L = 6)

Input layer R20. Hidden layers R100 and R500

• Performs comparable to ADAM

• Performance of ML-VAMP can be predicted exactly

12 / 17

10 log10
‖ẑ0−z∗0‖

2

‖z∗0‖
2

size of output layer



MLVAMP Example 2: MNIST inpainting
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• VAE generative prior with

- Input layer R20

- Hidden layer R100

- Output layer R28×28

- 50k training images

• Implemented using
Tensorflow

• Performs comparable to
ADAM



Sketch of the Proof of State Evolution

z0 V0 φ0 V1 φ1 V2 φ2 V3 φ3 z4

W0 W2

g+
0 V0 G+

1 V1 g+
2 V2 G+

3 V3

g+
1 g+

3

V >0 G−1 V >1 g−2 V >2 G−3 V >3 g−4 z4

g−
1 g−

3

14 / 17



Sketch of the Proof of State Evolution

• Key Insight: Random unitary V act like Gaussian sampler.

x V y ≡ X N Y

• Asymptotics for first forward pass

g+0 N G+
1 N g+2 N G+

3 N

g+
1 g+

3

• For later iterations inputs to V` depend on V`

• Bolthausen Conditioning: [BM11]
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Concluding remarks

• Reconstruction with deep generative priors

- Incredible practical results
- But difficult to analyze

• MAP inference using MLVAMP methodology

- Finds stationary points of MAP optimization problem
- Computationally tractable algorithm
- Enables exact prediction of performance via State Evolution
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Future directions

• Convolutional layers, resnet

• Stability: Algorithm requires damping for convergence

• Networks with learning:

- Current problem is on pre-trained networks
- Can use parameter estimation similar to other VAMP works
- Or, treat layers with joint unknowns of weights and inputs
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